LAWSON HOMOLOGY FOR ABELIAN VARIETIES 



WENCHUAN HU 



Abstract. In this paper we introduce the Fourier-Mukai transform for Law- 
son homology of abelian varieties and prove an inversion theorem for the Law- 
son homology as well as the morphic cohomology of abelian varieties. As 
applications, we obtain the direct sum decomposition of the Lawson homol- 
ogy and the morphic cohomology groups with rational coefficients, inspired by 
Bcauville's works on the Chow theory. An analogue of the Bcauvillc conjec- 
ture for Chow groups is proposed and is shown to be equivalent to the (weak) 
Suslin conjecture for Lawson homology. A filtration on Lawson homology is 
proposed and conjecturally it coincides to the filtration given by the direct 
sum decomposition of Lawson homology for abelian varieties. Moreover, a 
refined Friedlander-Lawson duality theorem is obtained for abelian varieties. 
We summarize several related conjectures in Lawson homology theory in the 
appendix for convenience. 
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1. Notations 

In this paper, all varieties are defined over the complex number field C. Let 
X be a projective variety of dimension n. Denoted by Z p (X) the space of al- 
gebraic p-cyclcs on X. Let Ch p (X) be the Chow group of p-cycles on X, i.e. 
Ch p (X) = Z p (X)/{rational equivalence}. Set Ch p (X) Q := Ch p (X)®Q, Ch p {X) = 
©p>o C M^0 and GK(X)q = >0 Chp(A") Q . Let A p (X) be the space of p-cycles 
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on X modulo the algebraic equivalence, i.e. A P (X) = Z p (X)/^ a ig 1 where ~ a z s de- 
notes the algebraic equivalence. Set A p (X)<q := A P (X) (g> Q, A(X) = © p>0 A P (X) 
and A*(X)q = © p > A p (X) Q . 

2. Lawson homology 

The Lawson homology L p H k (X) of p-cycles for a projective variety is defined by 

L p H k (X) := Tr k - 2p (Z p (X)) for fc > 2p > 0, 

where Z P (X) is provided with a natural topology (cf. |Flj . |Llj ). It has been ex- 
tended to define for a quasi-projective variety by Lima-Filho (cf. jLFj ) and Chow 
motives (cf. jHLj ). For general background, the reader is referred to Lawson' 
survey paper |L2j . The definition of Lawson homology has been extended to neg- 
ative integer p. Formally for p < 0, we have L p H k {X) = n k _ 2 p{Zo{X x C _p )) = 
H k%( X x C_P ) = H k M ( x ) = LoHk(X) (cf. [FHW] L where H? M (-) denotes 
the Borel-Moore homology. 

In [FMj . Friedlander and Mazur showed that there are natural transformations, 
called Friedlander- Mazur cycle class maps 

(1) %,k ■■ L p H k (X) -> H k [X) 

for all k > 2p > 0. 

Recall that Friedlander and Mazur constructed a map called the s-map s : 
L p H k (X) -» L p -iH k (X) such that the cycle class map $ Pi fc = s p ( |FMj ). Ex- 
plicitly, if a G L p H k (X) is represented by the homotopy class of a contiunous map 
/ : S k - 2 P -> Z p (X), then $ P:fc (a) = [/ A S 2 p], where S 2 p = S 2 A • • • A S 2 denotes 
the 2p-dimcnsional topological sphere. 

Set 



L p H k (X) 

lie 

L p H k (X)tQ 
T p H k (X) 

T p H k {x, q; 



ker{$ p , fc :L p H k (X) ^ H k {X)}- 
L p H k (X)®Q; 

Image{$ p , fc : L p H k (X) -> tf fe (X)}; 
T p iJ fc (X)®Q. 



Denoted by $ p ,fc,Q the map $ Pjfc ® Q : L p H k (X)q -> H k (X,Q). The Griffiths 
group of dimension p-cycles is defined to be 

Griffp(X) := Z p (X)hom/ Z p {X) a i g . 

Set 



Griff p (X) ( 
Griff 9 (X) 
Griff 9 (.¥)< 



Griff p (X) ® Q; 
Griff„_ g (X); 
GrifT„_ g (X) Q . 

It was proved by Friedlander jFl] that, for any smooth projective variety X, 
L p H 2p (X) - Z p (X)/Z p (X) alg = A p (X). 

Therefore 

L p H2 P (X)hom — Griff p (X). 
For any smooth quasi-projective variety X, there is an intersection pairing (cf. 

m\) 

L p H k (X) ® L q Hi(X) L p+q - n H k+ i- 2n (X), 
induced by the diagonal map A : X — > X x X. More precisely, the composition 

x A ! 

Z P (X) x Z q (X) — > Z p +q(X x X) — > Z p -\.q- n (X), where x is the Cartesian product 
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of cycles and A ! is the Gysin map, factors through Z P (X) A Z q (X). On the level 
of homotopy groups we have intersection pairing 

Kk-2p{Zp{X)) ® lTl-2q{Zq(X)) A 7T fc+ (-2(p+g) {Zp+q-n (X)) , 

that is, 

L p H k (X) ® L q Hi(X) — > L p+q _ n H k+l _ 2n {X). 

3. Correspondences 

In this section we recall basic materials of correspondences and their actions on 
Lawson homology (cf. |FMj . [Pej . jHLj ) . For closely related materials on Chow 
correspondences we refer to Manin jMaj and Fulton |Fu] . 

A correspondence Y from X to Y is an algebraic cycle (or an equivalent class of 
cycles depending on the context) onlxr". We denote the group of correspondences 
of rational equivalence classes between varieties X and Y by 

Corr d (X,Y) := A dimX+d (X x Y). 

Let X, Y be smooth projective varieties and let T G Corr d (X,Y) for d € Z. 
Then for any element a G L p Hk(X), the push- forward morphism is defined by 

T* : LpHk(X) — > L p+ dHk+2d(Y) 
r*(a) = P2*(p*a • r), 

where pi (rcsp. P2) denotes the projection from 1x7 onto X (resp. Y) and "•" 
is the intersection product on the group A(X x Y). 

Let X, Y , Z be smooth projective varieties. The composition of two correspon- 
dences Ti G Corrdi {X, Y) and T2 G Corr^ (Y, Z) is given by the formula 

r 2 °ri =pi3*bi2 r i '-P23 r 2) 6 Corr dl+d2 (X, Z) 

where pij, i,j = 1, 2, 3 are the projection of X x V x Z on the product of its ith 
and jth factors. 

Lemma 3.1. Let X,Y,Z be smooth projective varieties, T± G Corrd(X,Y) and 
T2 G Corr e (Y, Z). Then for any u G L p Hk(X), we have 

(r 2 o Tx)*u = r 2 *ri„u e L p+d+e H k+2 d+2e(z). 

Proof, cf. [HLl Prop. 4.2]. □ 

For a projective morphism / : X± — > X2 the graph of / is defined to be the 
correspondence 

T f := (id Xl J)*{X 1 )eA(X 1 xX 2 ). 

Lemma 3.2. (1) (T f ),(a) = f*(a) for a G L p H k (Xi). 
(2) (*I7)„(/3) - /or /3 G L q Hi(X 2 ). 

Proof. From the projection formula (cf. |Pe| Lemma 11. c)]), we have 

( r /)*(a) = P2*((idxi,/)*(-X"i) •P*oi) 

= P2*(idx I ,/)*((idxi,/)*P*«) 
= /.(a), 

since p x o (id Xl , /) = id Xl and p 2 o (id Xl , /) = f ■ 

The proof of (2) is similar. □ 
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Lemma 3.3. Let /, : Y% — > Xi, for i = 1,2 be projective morphisms of smooth 
projective varieties. Then 

(1) {fx x f 2 )*Z - r /a o Z or A /or aZZ Z G x X 2 ); 

(2) {fx x / 2 )*Z = T /2 o Z o< r A for all Z e A{Y 1 x Y 2 ). 

Proof. We give a proof for 1), the proof of 2) is similar. To prove 1) it is enough 
to show that (/i x id)*Z = Z o T h and (id x / 2 )*Z =* T h o Z. Denote by 
qi the projection Yi x X 2 — > Y\ and pij the projections of Y\ x X± x X 2 , e.g. 
P12 : Yi x Xi x X 2 — > Y% x Xi is the projection onto the Cartesian product first 
two varieties. Then by applying the base change formula for Lawson homology (cf. 
[Pel Lemma 11 a)]) to {id Yl , fi) o qi = P12 ((^Yd/i) x idx 2 ) an d the projection 
formula (cf. [Pel Lemma 11 c)]), we have 

ZoT fl = PX3*(P23 Z ■ P*2( id ii> fl)*{Yx)) 

= PX3*{P23 Z ' X id X 2 )*q 1 *{Y 1 )) 

= Px3*{{id Yl Jx) x idx 2 )*{{id Y ^ fx) x idx 2 )*P 23 Z ■ qt{Y x )) 
= Vx3*{{id Yl ,fx) x idx 2 )*{{id Yl ,fx) x idx 2 )*P* 23 Z) 
= {fixidx 2 )*Z, 

where we used pi 3 o {{id Yl ,fi) x id X2 ) = id YlX x 2 and p 23 o ((id^j/i) x idx 2 ) = 
/1 x id X2 ■ From this we get 

{id Xl x f 2 yZ = t ((f 2 xid Xi y t Z)= t ( t Zor f2 ) = t r f2 oZ. 

□ 

From Lemma l3~Tll3. 31 we have 

(2) {fx x h)*Z*{oi) = fS(Z.fu(a)),Va e L*H*{Yi) 
and 

(3) {fx x / 2 )»Z„(/3) = f2*{Z*fx*{P))W G LMX^. 

4. Fourier- Mukai transform 

Let X be an abelian variety of dimension n and let X be the dual abelian variety 
of X, i.e., X = Pic°(X). Consider the Poincarc bundle V = V x e Pic(X xl) = 
Ch x (X x X). The correspondence 

e p :=5Z^ 4 6 Ch*(X) Q 

is well-defined since the sum is finite, where "P* denotes the i-th intersection product. 

The Fourier-Mukai transform on Chow group CIi(X)q with rational coefficients 
is defined to be the homomorphism of groups F = Fx ■ C\x(X)q — >• Ch(JT)Q, 
a 1 ^ p 2 *{e v -p*a). 

Similarly, the Fourier-Mukai transform on Lawson homology L*H*{X)q with 
rational coefficients is defined to be the homomorphism of groups F = Fx ■ 
L*H*(X)q — > L*H*{X)q,, a \—¥ p 2 *(e v ■ p\a). In particular, the Fourier-Mukai 
transform on homology if* {X, Q) with rational coefficients is defined to be the 
homomorphism of groups F = Fx ■ H*{X, Q) — >• H*{X, Q), a 1-4 p 2 *{e v • p*a). 
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Theorem 4.1 (Inversion Theorem). Let X be an abelian variety of dimension n. 
Then we have 

F x o Fx = (-l) d (-l)x ■ L*H*(X) q -+ L*H*{X) Q , 
where — 1 : X — > X is the multiplication by — 1 on X . 
Proof. By definition, we need to show that 

e v *oe v * = (-l) rf r_! e L*H*(X) q . 

Since (cf. [Ml]) 

e 7 ^ o e Px = (-i) d r_! £ Ch*(X x X) Q , 

we get 

e^x o e ^ = (-l) d r_! ei,(Ix X) Q 
Since by construction the action of correspondence e v x o e Px on Lawson homol- 
ogy depends only on its class in A*(X x X) (cf. jPej ) . it implies that e v * o = 
(-l) d r_ x : L«H*{X) Q -> L.JT,(JQq. 

a 

Proposition 4.2. Lef / : Y" — ► X be an isogeny of abelian varieties. Then for all 
a e L*H*(Y)q and fj e L*H*(X)q 

(1) FxU{a) = f*Fy[a); 

(2) F Y f*(i3)=f*Fx(f3). 

Proof. (1) The universal property of the Poincarc bundle implies that 

(/ x idj^Px = (idy x f)*V Y . 
By Equation ©, we get 

F X Ma) = {e v *)*Ua 

h) 

= {id Y x f)*{e v *)*a 
= /*(e^).a 

= 

(2) By applying (1) to / : X ->■ F we get 

= (-l) 9 (-l)^y/*^>^ (By Theorem SH) 

= (-l)9(-l)* 9 F Y F Y f*F x (By Part (1)) 

= f*F X - (By Theorem mj) 

□ 

Now we show that the Fourier-Mukai transform F : L*H*(X)q — > L*H*(X)q 
on Lawson homology groups is compatible to that on the singular homology with 
rational coefficients. That is, we have the following result. 

Proposition 4.3. There is a commutative diagram 

L p H k (X) q L p H k {X) Q 



(f xid x r(e v -),a 



H k (X,Q)^+ Hk (X, 



(i 
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Proof. It follows from the definitions of the Fourier-Mukai transform on Lawson 
homology and the singular homology. □ 

5. PONTRYAGIN PRODUCT 

In this section, X denotes an abclian variety of dimension n. Let /i:lxl->l 
denote the sum map /i(z, z') = z + z' . The morphism fj, induces a continuous map 
//* : Z p (X x X) — )• Z p (X) between the space of algebraic cycles. 

For Z = J2 n iVi 6 Zp(X) and Z' = J2 m j w j <= Z q (X), we set Z x Z' = 
nirrijVi x Wj G Z p+q {X x X). So we get a bilinear continuous map x : Z P (X) x 
-> Z p+g (X x X). 

Therefore we get a continuous composed map /z* o x : Z P (X) x Z q (X) — > 
Z p+q (X). We choose the "empty cycle" P (resp. g , p + g ) as the base point 
in Z p (X) (resp. Z q (X), Z p+q (X)) so that each of Z p (X), Z q (X) and Z p+q (X) is a 
point topological abelian group. Note that we have both /j,ox(Zx g ) = p + 9 and 
ji,ox (0 p x Z') = p + g This implies that the map x factors through Z p (X) AZ q (X), 
i.e., there is a commutative diagram of continuous maps 

Z p (X) x 
¥ 

Z p (X) A Z q (X) > x X) 

For a G L p Hk{X) and /3 G L q Hi(X), the Pontryagin Product 

* : LpfffcpT) ® L,fl-,(A:) -> (a,/?) ^ a * /3 

is defined to be the image of the homotopy class of / A g : S*+ i_2 (P+9) Z p+9 (X) 
under where / : S k ~ 2p — » -Z P (^Q (resp. ,g : S*' -29 — ► Z 9 (X)) is a representative 
element of a (resp. /3) and /Afl is the composed map S fe +'- 2 (p+<?) = S k ~ 2p AS l ~ 2q 
Z p (X) A -2" g (X) — ► Z p+(Z (X x X). The homotopy class of / A <? defines an element 
in L p+q Hk+i(X x X) and so A #]) gives us an element in L p+q Hk+i(X). By 

comparing the intersection of Lawson homology defined by Friedlandcr and Gabber 
( |FGj ). this product a * (i := A 3]) is equal to /i*(p^a 'P^)- 

Lemma 5.1. The Pontryagin product is bilinear, associative and anti- commutative 
for the second index on L*H*(X). 

Proof. The bilinear property follows exactly from the above definition of *. Note 
that / Ag = [-l) k + l ~ 2 (P+<i) g A / = (-l) k+l g A /, where f,g are given as above. 
Hence we get the anti-commutativity for the second index. The associativity follows 
from the associativity of A. □ 

Proposition 5.2. For all a,/3 G L t H*(X), we have 

(1) F(a*/3) = F(a)-F(j3); 

(2) F(a-0) = (-l) n F(a)*F(fi). 

Proof. (1) We denote by and qij the projections of X x X x X. Note first 
that (jj, x l x )*T x = ql 3 Vx ■ q^Vx holds in CK(X x X x X) (cf. [BLl 
Lemma 14.1.7]) implies that (/i x lj-;)*e 7 ' x = ql 3 e Vx ■ q%^e Vx holds in 
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CK(X x X x X) and so in A(X x X x X). Then 

F{a*0) = p^{e v * -pliniaxl}))) 

= P2*{e Vx -(jixl^faiaxp)) 

= P2 *(e Vx -(P^lx)*qla-q* 2 f3)) 

= p 2t (AXljf)»j(MXl^ -qta-qlp)) 

= j? 2 *(m x l x)*(lh eVx ■ lh eVx ■ q*i a ■ <&h) 

(since q 3 — fi x id%) 

= P2*qi3*{qh eVx ■ ql a ■ qh eVx • itP) 

(since q 3 = p 2 o g 13 ) 

= P2*qi3*{qh( eVx -P* a ) ■ ?23( ePx -pW)) 

(since qx = pi o g 13 , q 2 = pi o q 23 ) 

= P2* (e Vx ■ pta ■ qi3*q2 3 ( eVx ■ PW)) 

(since q 3 = p 2 ° ?i3 and q 3 = p 2 ° to) 
= P2* (e Px • pja • P2P2*(e Px • -Pi/ 3 )) 
= P2*{e Vx - plot) ■p2*(e Px -p*0)) 
= F(a)-F(f3). 

(2) The statement (2) follows from Part (1) by the Inversion Theorem 14. II 

□ 

Proposition 5.3. The Pontryagin product is compatible with the natural transfor- 
mation $ Pi fe : LpHk(X) — > H k (X). More precisely, we have the following commu- 
tative diagram: 

L p H k {X) ® L q Hi{X) — ^ L p+q H k+l (X) 



H k (X) ® Hx{X) »- H k+l {X). 

Proof. Let a G L p H k (X) (resp. (3 G L q Hi(X)) be represented by the homotopy 
class of the map / : S k - 2p -> Z p (X) (rcsp. g : S l ~ 2q — » Z q (X)). Then by definition 
we have a * (3 — p.*([f A g]). 

Recall that from the property of s-map (cf. [FM[ Chapter 6] ), one has the 
explicitly formulas 

^([/]) = [/AS 2 1;Msl) = [9A5 2 ']. 

Hence 

<& P , fc (a)*<M/?) = *p,k([/])** fl ,i([ff]) 
= ^[f A S 2p A g A S 2q ] 

= /i* [/ A.gA S 2p A S 2q ] 

= n4f A g A S 2( -P+^} 

= f»«( $ P+9,w([/As])j 

= V«,Hi(M.([/Asl)) 



= <5> p+q . k +i(a* 0) 

The penultimate equality holds since *§ } p + q ^ k -\-i '. L p j rq H k j r i( K X^ — y H k j r i( y X^j is a 
natural transformation from Lawson homology to the singular homology. This 
completes the proof of the commutative diagram. □ 
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Remark 5.4. From the proof of the above proposition, we observe that the Pon- 
tryagin product * is compatible with the s-map. 

6. Decompositions of Lawson homology groups for abelian varieties 

Let X be an abelian variety of dimension n. For each integer to, there is a 
homomorphism mx '■ X — > X defined by x i— > to • x. Recall that we have cycle class 
map $p,fc<8>Q : L p Hk(X)q — > H k {X, Q) for all k > 2p > 0. By considering elements 
in Hk(X, Q) = H k (X, Q) as the dual of differential forms, it is easy to see that the 
induced map mx* '■ H k (X,Q) — > H k (X,Q) is multiplication by m k . 

There is an eigenspace decomposition of L p H k {X)^ for each pair of p, k such 
that k > 2p > 0. Set 

L p H k (X) s Q := {a G L p H k (X) Q \m X *a = TO fc+s a,V to S Z} 

Theorem 6.1. Let X be an abelian variety of dimension n. Then we have the 
following decomposition 

n-[Mi] 

(4) L p H k (X) Q = L p H k (X) s Q , 

s—p—k 

where [a] denotes the largest integer less than or equal to a. 

We have a direct corollary from Theorem 16. II 

Corollary 6.2. Let X be an abelian variety of dimension n. Then L p H k (X)q = 
for s > n — [-^-] or s < p — k. 

Lemma 6.3. Suppose a G L p H k (X)<Q and 

n 

F(a)= Pi 

9=P-[#] 

with j3 q G L q Hi(X)^, where I = k + 2{q — p). Then for all m G Z, we have 

m*~p q = m n ~i + vp q . 
Proof. By the definition of F we have 

P q = t 1 —^P2*(V^ + rt -pla) G L q H t {X) Q . 

(n -q + p)\ 

Hence using flat base change with m x -op 2 — p 2 ° (lx x 171 x) (cf- |FG[ §3]) and the 
fact that (lx X mj>)*V — mP : we get 

m *x^ = W^ m xP^ Vin ~ 9+P) -P^ 
= ^Sr^(^ ( "- 9+p) -Pi«) 

= TO n "«+P/3 g . 

□ 

Proposition 6.4. For a G L p H k (X)q and m G Z — { — 1, 0, 1} the following state- 
ments are equivalent: 

(1) a G L p H k (Xy Q , 

(2) TOx*a = ?n fe+s a, 



LAWSON HOMOLOGY FOR ABELIAN VARIETIES 



9 



(3) m* x a = m 2n k s a, 

(4) F(a) E L n 

(5) F(a) E L n -f.+p-sH2n-2s-k(X)Q. 

Proof. Wc show this in the following way: (1) <=> (2) <^ (3) => (4) (5) => (3). 

(1) <^> (2) is from the definition of L p H k (X)q. 

(2) => (3). Note first that m* x a G L p H k (X)q. Suppose m^a G L p H k (X) Q ' 
and from the definition we get mjf t (m^a) = m k+li m* x a. Since m Xsf (m x a) = 
(degmx)a = m 2n a, we obtain that m* x a = m 2n - k - s a g L p H k (X)q. This implies 
that s = s'. 

(3) => (2). From m 2n a = deg(m x )a = m Xt (m* x a) = m x *(m 2n ~ k ~ s a) = 
m 2n ~ k ~ s mx*ot we get mx*a = m fc+s a. 

(3) (4). We write F x (a) = £ ? /? 9 with 0, G L q H k+2(q _ p) (X) Q . Then 

E^ P _[|]/3 9 = F x (a) 

= m k+s J2q=0 m x Pq 

= m n - k - < i+'P- s l3 q . 
Comparing coefficients this implies that 

F(a) = fin-k+p-s G L n -k+p-sH2n-k-2s{X)Q. 

(4) => (5). By Lemma |01 wc have F(a) E L n ^ k+p _ s H 2n -2s-k(X)^. 

(5) => (3). For every m E Z, we have 

m^a = m3 f (-l)"(-l)3 fJ F £j F 1 x a (by Theorem 

= (-l)"(-l)3 f i ;i j? m j j Hi i ;i xa (by Proposition E5J 

= {-l) n {-l) x F x m Xse p n - k+p - 3 (by Statement (5)) 

m -fc-»(_l)n(_l)*.jr j?m ^ m ^ n _ fc+p _ a (by LemmaEl 



^2n — k — s ^ 
, 2n— fc — s / 



m 2 "- fc - s (-l) n (-l)J fJ F£i f x(a) 



□ 



Proof of Theorem \6.1[ Suppose a £ L p H k (X)q and write Fx(a) = X) A? with 
/3, G L q H k+2 ( q ^(X)q. By Lemma H31 we have /3 9 G L q H k+2 ( q - p) (XY^ k ^ q+p . By 
applying Proposition 16.41 to /3 q , we get 

F x W q )EL p H k (Xr q k -^. 

Now by Theorem Ol 

a = (-in-l)*F x oF x (a) 

This implies the assertion since n . — + [-|] = n — [2^]. □ 
The decomposition of Equation ((4]) is compatible with many natural maps. 



10 



WENCHUAN HU 



Proposition 6.5. Let f : X — > Y be a group homomorphism between abelian 
varieties. Then induced map /* preserves the decomposition of Lawson homology 
groups with rational coefficients, i.e., 

U(L p H k (X) s Q ) C L p H k (Y) s Q , Vs G Z. 

Proof. Since / : X — > Y is a group homomorphism, one has f(m • x) = m ■ f(x) 
and so my ° f = f mx- Hence we have my* ° /* = f*° mx*- This completes the 
proof of the proposition. □ 

Proposition 6.6. The decomposition in Equation is compatible with the cycle 
class map 3> p , k ,Q- 

Proof. It follows from the fact that the multiplication mx by m on X commutes 
with the Fourier-Mukai transform Fx (cf. Proposition [472]) and the cycle class map 
®p,k,Q, the latter is the general fact that the cycle class map 3> p ,fc,Q is a natural 
transformation between the Lawson homolgy (cf. |FMj . |L2| Ch. IV]). □ 



Set 



L p H k (X)l q := {a £ L p H k (X) hom ^\m x *a = m k+s a,~i m G Z}. 



)hom,Q 

From Proposition 16.61 we have 

(5) L p H k (X) s homM = L p H k (X) Q , s^O 
and 

(6) L p H k (X)1 om q = L p Hk(X)q n L p H k {X) hom ^. 

On the image of the natural transform $> Ptk ® Q : L p H k (X)q — > H k (X)q, we 
have the following result. 

Corollary 6.7. Let X be an abelian variety of dimension n. Then we have 

T p H k (X)q = T n+p - k H2n-k(X)Q 
Proof. Note that we have the following commutative diagram 

L p H k (X)q s- L n+p - k H2n-k(X)Q 



T p H k (X) Q T n+p _ k H 2n _ k {X) Ql 

where Fx is the restriction of the Fourier-Mukai transform Fx on the rational 
homology groups of X. Since Fx ■ H k (X,Q) — > H k (X,Q) is isomorphism, Fx ■ 
T p H k (X)q -)• T n+p - k H 2 n-k(X)q is injectivc and so 

dimQ T p Hk(X)q < dim.qT n+p - k H2n-k{X)<Q. 

Since Fj> is also an isomorphism on the rational homology groups, we obtain 

dimQ T n+p - k H2n-k(X)Q < dim<QT p H k (X)<Q. 

Hence 

dimQ T p H k (X)q = dimiQT n+p - k H2n-k(X)q 
and so Fx ■ T p H k (X)q — > T n+p - k H2n-k(X)q is an isomorphism. □ 
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The motivation of our decomposition follows from that of the Chow group theory. 
Recall that there is also an eigenspace decomposition for Ch p (X) of for every p, 
due to Beauville |B2j . If we set 

Ch p (Xy q := {a G Chp(X) Q \m x *a = m 2p+s a for all n G Z}, 

then there is a direct sum decomposition for the Chow group of X with rational 
coefficients 

n—p 

Ch p (X) Q = Ch p (X)^. 

s— — p 

Beauville conjectures that Ch p (X)q = for s < ( |B1| IB2j ). Similarly, we have 
the following analogue of Beauville's conjecture for the Lawson homology of abelian 
varieties. 

Conjecture 6.8. For an abelian variety X, one has L p H k (X) q = for s < 0. 
From Theorem 14.11 and Proposition 16.41 we have 



Corollary 6.9. Let X be an abelian variety of dimension n. The Fourier-Mukai 
transformation Fx induces an isomorphism 

L p Hk(X)q = L n -k-\-p— s H2n-2s-k{X)Q 

for all integer s. 

Proof. To see the mjectivity of Fx, let a G L p H k (X)q such that 

(7) F x (a) = G L„- fc+p - SJ ff 2 „- 2s -fcWQ. 
Now we apply F^ to both sides of Equation ([7]) , we get 

(8) F s oF x (a)=F x (0). 

The right side of Equation (|8|) is obviously equal to zero. By Theorem 14. 1[ the 
left side of equation ((HJ) is (— l) n (— l) x (a). Since (— 1)^ is an isomorphism, we get 
o = 0. 

To sec the surjectivity of F x , for (3 G L n - k+p - s H 2n -2s-k(X) Q , we have F%(0) G 
i p i7 fe (X)^byProposition[Hl Set a := (-1)"(-1)^. ThcnF x (a) = f3 by applying 

Theorem O to X. □ 



From the explanation in the beginning of this section, if we define 
H k (X) s Q := {a G H k (X) q \m x *a = m k+s a,V m G Z}, 
then by applying Fx on singular homology with rational coefficients, one gets 



(9) H k (X)} 



H k {X) Q , s = 0; 
0, s ^ 0. 



Now we will check the situation of the conjecture for low dimensional abelian 
varieties. For those X of dimX < 2, Friedlander's result [Fll Th.4.6] and the 
Dold-Thom theorem imply that Conjecture 16.81 holds. 



Example 6.10. Conjecture 1 6. 8\ holds for abelian variety X of dimension 3 except 
possibly for p = 1, k > 4 and s = 3 — k. 
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Proof. From the above discussion, we only need to consider abelian varieties X of 
dimension three. That is, we need to show L p H k (X)q = except for p = 1, fc > 4 
and s = 3 — fc. 

There arc different cases according to p and k. It is trivial when p < or p > 3. 

(1) p = 0. In this case, one has the Dold-Thom isomorphism LoH k (X) = 
H k (X) and therefore by Equation © we have 

T U (Y\ s ~ U (Y\ s — ) Hk{X)q, s = 0; 
L H k (X J Q = W fe (A J Q - < ^ s ^ Q 

So we have L H k (X)^ = for s < for all fc > 0. 

(2) p — 2. In this case, we obtain from Friedlander's theorem (cf. [Fit Th.4.6]) 
that 

H k (X) Q , s = Q- 



for fc > 5. For k = 4, L 2 H k {X) s q C H k (X) s Q = for s < by Equation ©. 
So we have L 2 H k (X) q = for s < for all fc > 4. 

(3) p = 3. In this case, by definition, the only nontrivial L 3 H k (X) occurs in 
the case that fc = 6. When fc = 6, we have L 3 Hq(X)q = Hq(X)q. So 
L 3 H 6 (X) S Q = H 6 Wq = for s < by Equation ®. 

(4) p = 1. 

(a) fc = 2. By applying Corollary 16.91 to X, we obtain that 

LiH 2 (X)q = L2_ s -ff4_2s(- 5 0(Q)- 

So if s < 0, then 2 — s > 2 and hence L 2 - s Hi- 2s (X)n = by applying 
the above cases to X. 

(b) fc = 3. Again by applying Corollary EU to X, we get 

LiH 3 (X)q = Li^ s H 3 ^ 2s (X)q. 

So if s < 0, then 1 — s > 2 and hence Li_ s i?3__2s(A)Q = by the 

applying the above cases to X. 

(c) fc > 4. By applying Corollary 16.91 to X, we get 

LiHk{X)q = L4- k - s HQ- k - 2s (X)Q 
= 0,ifs^3-fc. 

□ 

From the discuss above, we see that the mysterious part of LiHk(X)q for an 
abelian threefold X is L\H k {X)^ = {a e LiHk(X)q\mx*a = m 3 a}. For fc = 2, 
it is the Griffiths group with rational coefficients of I-cycles on X; For fc = 3, 
conjecturally it is T\H 3 {X, Q); For fc > 4, conjecturally it is zero. 

Now we describe the relation between of Conjecture 16.81 and a weak version con- 
jecture by Suslin (see the appendix below for the statement). In the usual (or 
strong) version of the Suslin conjecture, varieties are only required to be quasi- 
projective. Moreover, the strong version Suslin conjecture also includes the state- 
ment that the cycle class map <& p , k from Lawson homology to the singular homology 
is injective for k = n + p — 1. 

Proposition 6.11. Conjecture 1 6. 8\ is equivalent to the (weak version) Suslin con- 
jecture for Lawson homology with rational coefficients on abelian varieties. 
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Proof. Let X be an abelian variety of dimension n. First we assume Conjecture 
Ol i.e. 

L p H k (X) q = 

for all k > 2p and s < 0. Then for k > n + p, we obtain that 
(10) 

L p H k (X) Q = ® s J p J k l L p H k (Xy q (by Theorem E3D 

= ©^(f^ 1 L p H k {Xy q (by Conjecture EU) 

= ® U a Zf^ ] L n - k+v - s H 2n -2 S -k{X) s q (by Corollary HI) 

= ©^d^ 1 ^2n-a.-ib(^)& (since n-fc+p-s<0) 

= ff 2n _ fc (X)^ (by Equation ©) 

= H 2n - k (X)® (by Equation ©) 

= H k (X)^ (by Fourier Inversion) 

and this is exactly the Suslin conjecture for X with rational coefficients for k > n+p. 

Conversely, we assume that the Suslin conjecture holds for X . Then by Equation 
(TIT)]) , we have L p H k (X) s Q = for p - k < s < 0. This together with Corollary HH1 
implies that L p H k (X)in = for all s < 0. □ 



Remark 6.12. The weak version Suslin conjecture relates to a Hard Lefschetz type 
conjecture for Lawson homology (cf. [FMj . [X] ). Moreover, by applying an action 
of SL(2, Z) on the space of algebraic cycles modulo the algebraic equivalence, as 
observed by Beauville, Xu gives further direct sum decomposition of L p H k (X) q in 
terms of primitive elements. 

The following question was asked by Fricdlandcr and Lawson in the terminology 
of their morphic cohomology (for definition, see section [8] below). By Fricdlander- 
Lawson's duality theorem (cf. |FL2j ) between the Morphic cohomology and Lawson 
homology, an equivalent version in terms of Lawson homology is given in the fol- 
lowing. 

Question 6.13 (Compare with Question 9.7 in |FLlj ). For a smooth projective 
variety X of dimension n, is <& p , k ■ L p H k (X) — > H k (X) surjective for k > n + p? 

Obviously, the Suslin conjecture says Fricdlander-Lawson's answer to the above 
question is yes. The answer is also yes to the question for abelian varieties, as 
given in the morphic cohomology version (cf. [FL2[ Cor. 9.5]). The affirmative 
answer to Question l6.13l can be obtained by using the Friedlander-Lawson's duality 
theorem. Now we give an alternative proof of the surjectivity of & p , k , without using 
the Friedlander-Lawson's duality theorem. 

Proposition 6.14 (Friedlander-Lawson). For an abelian variety X of dimension 
n, the cycle class map & P , k '■ L p H k (X) — > H k (X) surjective for k > n + p. 

Proof. From the proof of Proposition I6.11[ we see that for any abelian variety X 
of dimension n, : L p H k (X)q — > H k (X)q is surjective for all k > n + p. The 
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details are given as follows: Since k > n + p, we have 
(11) 

L p H k (X) Q = euZ^ ] L p H k (Xy q (by Theorem H3|) 

2 ©^d^J 1 L p H k (xy q 

= ® n s Zo^ ] L n-k+p-sH 2 n-2s-k(Xy q (by Corollary EB 

= ® n s =cT^ ] H 2n -2 S -k{X) Q (since n~k+p-s<0) 

= H 2n -k(X) Q (by Equation ©) 

= H 2 n-k(X)® ( b y Equation ©) 

= Hk(X)^ (by Fourier Inversion) 

This implies that : L p H k (X)<Q, —> H k (X)q is surjective for k >p + n. Since the 
Suslin conjecture with finite coefficients holds, as from the work of Milnor-Bloch- 
Kato conjecture (now a theorem by by Voevodsky, Rost and others), we obtain that 
®p,k ■ LpHk(X) — > H k (X) is also surjective for k > p + n. □ 

Remark 6.15. From the above proposition and a recent result by Beilinson |Blj . 
one obtains an alternative proof of the Grothendieck standard conjecture of Lef- 
schetz type for X (see the appendix below for the statement). The first proof of 
this Grothendieck standard conjecture of Lefschetz type for abelian varieties was 
obtained by Lieberman [LI] . 

Proposition 6.16. Let X be an abelian variety of dimension n. Suppose the 
(strong version) Suslin conjecture holds for X . Then for 1-cycles, we have 

LiHi-(X)q = TiHk(X)<Q 

for all k > 2 and there is a finite filtration on LiH k (X)q given by 

F°L lJ ff fc (X)Q = L!H k (X) Q , 

F 1 LiHj c (X)q = L\H k {X)hom,Qi 

F 2 LiH k (X)iQ = kerAJx, 

Fi LiHk(X)q = ©^MfcpOfc, 

F 3 LiH k (X)q = 0,j»l, 

where AJx is the Abel-Jacobi for Lawson homology, as defined by the author in 

m. 



Proof. From Theorem 16- 1 1 we have a finite filtration given by 

F 3 L p H k (X) Q = L v H k {X) s ^ j = P - k, P - k + 1, • • • ,n - [(k + l)/2]. 

Moveover, FP~ h L p H k (X) Q = L p H k (X) Q and F* L p H k (X) Q = for j > n - 
[(k + l)/2]. By assumption and Proposition 16. 11[ we have 

F 3 L p H k (X)q = L p H k (X)q 

for all j < 0. 

By the (strong) Suslin conjecture for Lawson homology with rational coefficients, 
<& Pi fc : L p H k (X)<Q — >• H k (X)q is injective for k = n + p — 1. By applying Theorem 
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16.11 to L p Hk(X)q for k = n + p — 1, we get 
(12) 

L p H k (X) q = e^lf 1 L p H k (X) a Q (by Theorem O) 

= ® n s Zt^ ] L P H k{X)q (by Proposition EH]) 

= ® n s =o^ ] Li_,ff n _ lH .i_2,(-Y)J (by Corollary HU) 

— L\H n _ p+ i(X)Q 

© 0^=1^' #«-p+i-2 S Wq (by Dold-Thom Theorem) 
= Lii? n _ p+ i(X)0 (by Equation ®) 

= LpH n +p-i (X)q (by Fourier Inversion) 

. Therefore, L p H n + p -i(X)q = L p H n+p -i(X)Q. Then the Sulin conjecture implies 
that 

(13) LpH n +p-i (X)q = TpH n +p-i(X, Q) 

and hence F 1 L p H k (X)q = L p H k (X)f l0 m.Q- In particular, one has F 1 LiH k (X)q = 
L 1 H k (X) homt Q for p = 1. 

Under the assumption of the (strong) Suslin conjecture, for k > 2, we have the 
following isomorphisms 

LxH k {X)l = L n+1 _ k H 2n _ k (X) q (by Corollary EH) 
= T n+1 _ k H 2n - k (X,Q) (by Equation (0) 
£* TiH k (X,Q). (by Corollary 

Note that the Abel-Jacobi map for the Lawson homology of a smooth projective 
variety X is a natural map 

AJ X : L p H k (X) hom — > | ff p+r )P + S ( X )| / H h+1 (X,Z). 

r>k-2p+l,r+s=k-2p+l ' ' 

So if X is an abelian variety and a G L p H k (X)fj n L p H k (X)f lomi Q, then 
AJx(mx*a:) = mx,(iJx(a)), 

i.e. m k+s AJx (a) = m k+1 AJx(a) since the action of mx* on if fe+1 (X, Q) is the 
multiplication by m k+1 . Therefore AJx(a) = unless a G L p H k (X)q. □ 

Remark 6.17. From the above proposition, it is reasonable to conjecture for an 
abelian variety X that LpH k (X)q = T p H k (X,Q) for all integers k > 2p. Then the 
above proposition would hold for all p > 0. 

The direct sum decomposition for the Lawson homology of an abelian variety X 
in Theorem 16. II is compatible with the Pontryagin product. 

Proposition 6.18. Let X be an abelian variety of dimension n. Then the following 
diagram 



L p H k {X)^ <g> L q Hi(X) q s- L p+q H k+ i(X) 



i s+B 



L p H k (X)q (gi L q Hi(X)q — >■ Lp +q H k+ i(X)q, 

is commutative, where i s p k : L p H k (X)q — > L p H k {X)q is the inclusion of the sum- 
mand in the direct sum decomposition (cf. Equation 
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Proof. We need to show that for a G L p H k (X)q and /3 G L q Hi(X)q, one has 
a * (3 G L p+q Hk+i(X)^ s . Since a G L p H k (X)q, we have by definition mx*(a) = 
m k+s a. Similarly, mx*{/3) — m l+s [3. It is enough to show that mx*(a * /3) = 
m k+i+s+s a % p t Note that by definition the two morphisms /i o (mx,mx) and 
mx o /*« coincide, i.e., /i o [mx,Tnx) = nix o fJ- '■ X x X ^ X. So we have the 
commutative diagram by the induced maps on Lawson homology groups 

L p H k (X)q ® L q Hi(X)q L p+q H k+ i(X x X)q — — s- L p+q H k+ i(X)q 

L p H k (X)q ® L q Hi(X)q *- L p+q H k+ i(X x JT)q > L p+q H k+ i(X)q. 

So we have 

* o x o(?tix* 8> mx*) = rax* o o x : L p H k (X)q (g) L p H k {X)q -> L p H k (X)q, 
in other words, 

mx*(ct * f3) = mx*a * m*/3. 
Now since a G L p H k (X)q and /? G L q Hi{X)q, we have 

= {m k+s a) * (m'+ s '/3) 

= m fc + s +'+ s a* ^. (by the bilinearity of *) 

So by definition we get a * /? G Lp+qHk+iiX)^ 3 . □ 

However, we cannot hope the Pontryagin product would bring more on the Abcl- 
Jacobi map for Lawson homology, since AJjf is only non-trivial on L p H k (X)q, but 
the Pontryagin product of a G L p H k {X)L and /3 G L q Hi(X)q is in L p+q H k +i(X)Q. 
So the Abel-Jacobi map AJjf is identically zero on L p+q H k+ i(X)q. 

7. FlLTRATIONS ON LAWSON HOMOLOGY 

In this section we will define a filtration on Lawson homology, as an analogue 
of the conjectural Bloch-Bcilinson filtration for Chow groups. For X a smooth 
projective variety, then conjecturally, for every integer k, there exists a decreasing 
filtration F 3 L p H k (X)q on the Lawson homology group with rational coefficients, 
satisfying the following properties: 

(1) F^L p H k (X) Q = for j » 1. 

(2) The filtration is stable under the action of correspondences: 

If T G AdimX+d(X x Y), then the maps 

r* : L p Hk(X)q — > L p+d H k+ 2 d {X)<Q 

satisfy 

Y*(pL p H k (X)q) C P L p+d H k+2d (Y)q. 

(3) The induced map 

Gr^r* : Gr ] p L p H k {X)q Gr^L p+d H k+2d {Y)q 
vanishes if the class Y is zero on H k+ j(X,Q), i.e., 

= [I 1 ]* : H k+j (X,Q) H k+j+2d (Y,Q). 
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A candidate of such a filtration could be given in the following way by induction: 
Assume that we have constructed F^ 1 L q Hi(Y)tQ for every I > 2q and every smooth 
projective variety Y. Then we set 

F^L p H k (X) Q := span{/m T^F^ 1 L p+r H k+ 2r{Y) Q )\T e A r+d[mX {Y x X) Q }, 

where T satisfies the condition that 

r* : H k+2r {Y,Q) -> H k (X,Q) 

is zero. 

For X an abelian variety, if we set as before 

F j L p H k {X) Q = L p Hk(X)q, j = p - k,p - k + 1, • • • ,n - [(k + l)/2]. 

j>s 

As an analogue in Chow theory ( [Mr j ) . it is reasonable to conjecture that the 
two filtrations for abelian varieties coincide. 

8. MORPHIC COHOMOLOGY 

There is a cohomological version of Lawson homology, i.e., the Friedlander- 
Lawson morphic cohomology, is defined to be the homotopy group of algebraic 
cocycles. The topological group Z q (X) of all algebraic cocycles of codimension-g 
on X is defined as a homotopy quotient completion (cf. [FL11 Definition 2.8]) 

Z q (X) := [97lor(X,Co(P 9 ))/»lor(A,Co(P 9 ~ 1 ))] + = Mox(X, Z (C q )). 

The (2q — k)-th homotopy group of the space of algebraic cocycles instead of 
algebraic cycles, is defined to be the Friedlander- Lawson morphic cohomology group 
and is denoted by L q H k (X). 

Let X be an abelian variety. There is also an eigenspace decomposition of 
L q H k (X)q for each pair of q, k such that k < 2q. 

L q H k (Xy Q := {a e L q H k (X) Q \m* x a = m k - s a} 

Proposition 8.1 (Refined Friedlander-Lawson duality for Abelian varieties). There 
is an induced isomorphism 

L q H k (X)q = L n _ q H2n-k(X)q 

from the Friedlander-Lawson duality for all integers s and k < 2q, where n = 
dim A. 

Proof. Let T> : L q H k {X) — > L n - q H2 n -k{X) be the the Friedlander-Lawson duality 
homomorphism (cf. |FL2j ). We denote by the same notation for the coefficient 
extension map T> : L q H k (X)q — > L n - q H2n-k(X)q. Since T> is an isomorphism, it 
is enough to show that the image of L q H k (X)q under V is L n _ q H2n-k(X)q. First 
note that there is a commutative diagram 

(14) L q H k (X) L n _ q H 2 n-k(X) 



L q H k {X) L n _ q H 2 n-k(X), 

where m' x is the Gysin map induced by the map mx '■ X — >• X (cf. |FL2| Prop.5.5]). 
By the Fulton's excess formula for the morphic cohomology (also Lawson homol- 
ogy), we have m x m* x = degmx (cf. |HLj ). The latter is equal to m 2n . 
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Now or a G L g H k (X)q, by definition we have m* x (a) = m k s a. Hence a = 
— • m* Y a and 

m K s -a 

(15) m x a = — 1 — ■ nrm* x a = — ■ m 2n a = m 2n ~ k+s a. 

m s m 3 

From Equation (|14p . we have T> o m' x = mx* ° T>. So by this as well as Equation 
(fTB"|) . one gets 

(16) m x *{Va) = V{m x a) = V{m 2n ~ k+S a) = m 2n ~ k+s Va. 
That is to say, T>a G L n - q H2 n -k{X) s ^. This gives us an isomorphism 

L q H k (X)q = L n - q H2n-k{X)q 
for all integers s and k < 2q. □ 

By this proposition, all the results in terms of Lawson homology in section [6] have 
the corresponding morphic cohomological version obtained by replacing L q H k (X)q 
by L n ^ q H2n-k(X)q. For example, we have a decomposition for the morphic coho- 
mology of an abelian variety 

Proposition 8.2. Let X be an abelian variety of dimension n. Then we have the 
following decomposition 

[|] 

L"H k (X) Q = L"H k (X)t 1 . 

s=k—q—n 

Proof. It follows from Theorem 14.11 and Proposition l8.ll □ 



9. Semi-topological K-theory 

Recall that the (singular) semi-topological A'-theory (denoted by Kl st (— j) 
was introduced and developed by Friedlander and Walker in a sequence of papers 
(cf. jFWi"] . [FW2) . |FW3] . [FWi] and reference therein). 

Let IC sst (X) be a homotopy-theoretic group completion of a space of maps of 
X to an infinite Grassmannian, topologized as in |FW3j . The semi-topological 
A-group Kj st (X) of X is defined to be the j-th homotopy group of K, sst (X). The 
rational X ss *-groups is denoted by 

Kf{X) Q :=Kf{X)®Q. 

One of the fundamental result in semi-topological A"-theory is that there is a nat- 
ural isomorphism between rational A' sst -groups and certain direct sum of rational 
morphic groups: 

Theorem 9.1 (Friedlander- Walker |FW3j ) . There is a natural isomorphism 
Kf(X) q = ($Lm 2 «-J(X) q , j>0 

q>0 

for any smooth (quasi-) projective variety X. 

Now let X be an abelian variety From Theorem 19.11 and Proposition 18. 1[ we 
have the following result. 
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Corollary 9.2. Let X be an abelian variety of dimension X. Then 

<j>0 s=g— n— j 

In other words, Kj st (X) q is decomposed to be the direct sum of eigenspaces of the 
map m* x : Kf{X) q -> K§" *(X) Q . 

Proof. We have the following isomorphisms 

Kf(X) q = ® q > LiH 2c i-i(X) q (by Theorem [HD 

= e^oelSU^^^'WQ- (by Proposition O) 

□ 

Note that in Corollary 19.21 there is only finite many nonzero direct summands 
on the right side of the equation since, for fixed j, L q H 2q ~i(X) vanishes when q 
large. In particular, for an abelian variety of dimension three, we give explicitly 
the following equations. 

Example 9.3. Let X be an abelian variety of dim X = 3. Then we have 

(17) K° st (X) q = H°(X, Q) © NS(X) q © Li# 2 POq © Griff i(X) Q © H 6 (X,Q). 



(18) Kf st (X) q ~ H l (X,Q) © LiflaWS © L M X )® © H 5 ( x > Q)- 
and there is surjective map 

(19) Kf(X) q -» Kfv{X) q , Vj > 2. 

XTie weaA; version Suslin conjecture for Lawson homology with rational coeffi- 
cients implies that 

(20) Kf(X) Q ^K^(X) q , Vj>2 

where Kj° p (X) q is the j-th topological K-group with rational coefficients. 

Proof. From Corollarv l9.2[ one has 

K$ st {X) q £* H°(X, Q) © NS(X) q © L 2 H 4 (X)° q © L 2 H 4 (X) Q © # 6 (X, Q). 

Note that L 2 H 4 (X) q = Li^^^Oq is a finite dimensional Q-vector space. Now 
Equation ^ follows from a fact that L 2 H 4 (X)} i = L 2 H 4 {X) hom>q = Griffi(X) Q 
by Beauville (cf. |B2[ Prop.6]). Equation (fl8]l follows from Corollary 19.21 and 
Proposition 18.11 Equation (fT9"|) follows from Corollary 19.21 and the surjectivity 
of $ Pi fc : L p Hk{X) q — > Hk(X) q for all fc > n + p. Equation (|2U|) follows from 
Corollarv l9.2l thc Atiyah-Hirzebruch isomorphism between the topological Jl'-group 
with rational coefficients and the singular cohomology with rational coefficients, 
and the fact the morphic cohomology is isomorphic to the singular cohomology for 
X in these cases under the assumption of the weak Suslin conjecture. □ 
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If we denote by K 



{X)> Q = {a e Kf{XUm* x {a) 



ssi 
3 



L 



K! st (X) 5 Q 



J 

H°(X,Q)i 
NS(X) Q ; 
Griff 2 (X) Q 
L 2 H 4 (X)° 
H e (X,Q)={ 
0, all other s. 

L*H 3 (X)° - 
L 2 HHX)i = 
H 5 (X,Q); 
0, all other s. 



v}, then 



Griffi (X) Q ; 
LiH 2 (X)°; 



LiH 3 (X)^; 
LiH 3 (X)^; 



and 



Kf(X) s Q 9iH s (X,®),VseZJ>2. 
10. Appendix 

In this appendix we will discuss and summary for convenience the relations 
between a few conjectures in Lawson homology theory Some of them are known 
or implied in the literatures before. 

Let X be a smooth complex projective variety. It was shown in |FM| §7] that the 
subspaces T p H k (X, Q) form a decreasing filtration (called the topological filtration): 

• • • C T p H k (X, Q) C T p ^H k (X, Q) C • • • C T H k (X, Q) = H k (X, Q) 

and T p H k (X, Q) vanishes if 2p > fc. 

Denote by G p H k (X,Q) C H k (X,Q) the Q- vector subspace of i? fc (X,Q) gener- 
ated by the images of mappings ( Y, Q) — > H k (X, Q) , induced from all morphisms 
y — ^ X of varieties of dimension < k — p. 

The subspaces G p Hk(X, Q) also form a decreasing filtration (called the geometric 
filtration): 

••■ C G p ff fc (X,Q) C G p _i^ fe (X,Q) C ... C G i/ fc (X,Q) C ff fe (X,Q) 

Denote by F p H k (X,Q) C H k (X,Q) the maximal sub-(Mixcd) Hodge structure 
of span fc - 2p. (See [G2] and [FM] .) The sub-Q vector spaces F p H k (X, Q) form a 
decreasing filtration of sub-Hodge structures: 

■ • • C FpiffepsT, Q) C F p ^H k (X, Q) C • • ■ C F # fc (X, Q) C Q) 

and F p H k (X, Q) vanishes if 2p > fc. This filtration is called the Hodge filtration. 
It was shown by Friedlander and Mazur that 

(21) T p H k (X,Q) C G p H k (X,Q) C F p H k (X,Q) 

holds for any smooth projective variety X and /c > 2p > 0. 

Friedlander and Mazur proposed the following conjecture which relates Lawson 
homology theory to the central problems in the algebraic cycle theory. 

Conjecture 10.1 (Friedlander-Mazur conjecture, |FM| ). For any smooth projec- 
tive variety X , one has 

T p H k (X,Q)=G p H k (X,Q). 
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The Friedlandcr-Mazur conjecture remains open for general threefolds. However, 
it has been verified for some cases. For example, it was shown to hold for general 
abclian varieties (cf. |F2j ) or abelian varieties for which the the generalized Hodge 
conjecture holds (cf. [X]); It was also shown to hold for threefold X with h 2 '°(X) = 
0, in particular, the complete intersection of dimension three (cf. |Hlj ). It also holds 
for any abelian threefold. To see the last statement, we note that for X a threefold 
X, it is enough to show Conjecture 110.11 for the p = 1. Note that by Proposition 
luT4l TxH k (X,Q) = G x H k (X,Q) for k > 4. By Proposition 1.15 in [Hi], one 
has TiH 3 (X,Q) = G X H 3 (X,Q). Moreover, Friedlander and Mazur proved that 
TiH 2 (X,Q) = GiflatX'.Q) (cf- [EMI §?])• 

Conjecture 10.2 (The generalized Hodge conjecture, |G2j and |FMj ) ■ For any 

smooth projective variety X , one has 

G p H k (X,Q) = F p H k (X,Q). 

There is a corresponding conjecture in terms of morphic cohomology (cf. |F W4j ) . 
The equivalence between the homological version and the cohomological version is 
given by using Friedlander-Lawson duality isomorphism (cf. [FL2) V In [FW4j . 
the cohomological version of Conjecture 110.11 and 110.21 combine to one conjecture 
T p H k (X,Q) = F p H k (X, Q) which they called the (strong) Friedlander-Mazur con- 
jecture. 

Now let X C ¥ N be a smooth variety of dimension n and let H be a hyperplane 
section such that Y :— X n H is smooth. The Lefschetz operator L : H % (X,Q) — > 
H' l+2 (X, Q) is defined by L(a) — a U [Y], where [Y] denotes the homology class of 
Y in H 2 (X,Q). The Hard Lefschetz Theorem says 

L n-i . H ^x,Q) H 2n - l (X,Q) 

is an isomorphism. Note that this Lx is given by the algebraic cycle A(F), in other 
words, L(-) = pa.(pj(-) n A(F)). 

Conjecture 10.3 (Grothendieck standard conjecture of Lefschetz type, |Glj ). The 
inverse A" _i : H 2n ~ l {X, Q) — > H % (X, Q) to L n ~ l is given by an algebraic cycle for 
each < i < n. 

In this case A n ~ l is also called algebraic for each < i < n. 

Conjecture 10.4 (Hard Lefschetz conjecture for Lawson homology, |FMj ) ■ Let X 
be a smooth projective variety of dimension n and let h be a hyperplane section. 
Then the intersection 

h k u : L p H n+k (X)q -> L p ^ k H n ^ k (X)Q 1 a M- [h] k • a, 

is injective for k > 1, where [h] is viewed as the class of h in L n -iH2 n -2(X)q. 

The following conjecture is essential to the structure of the Lawson homology 
for a smooth quasi-projective variety 

Conjecture 10.5 (The Suslin conjecture for Lawson Homology with coefficient 
A, jl IIW ) . For any abelian group A and any smooth quasi-projective variety X 
of dimension n, the map <fr p , k : L p H k (X 1 A) —> H k (X,A) is an isomorphism for 
k > n + p and is an injection for k = n + p — 1 . 

This is an analogue of the Bcilinson-Lichtenbaum conjecture in motivic cohomol- 
ogy theory. When A is a finite abelian group, the Milnor-Bloch-Kato conjecturc(or 
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theorem) implies that the Suslin conjecture for Lawson Homology with coefficient 
A. 

The weak version Suslin conjecture for Lawson homology only requires X be 
projective and Q p . k be isomorphic for k > n + p. Clearly, the weak version Suslin 
conjecture is much weaker than the (strong) Suslin conjecture. However, it is 
mentioned separately since the weak version Suslin conjecture for Lawson homology 
with integer coefficients implies the Grothendieck standard conjecture of Lefschtcz 
type (see below). 

These conjectures (Conjecture IIP. HTl0.5[) hold for all smooth projective varieties 
of dimension less or equal than two. However, as far as I know, all of them are still 
open even for a general smooth projective variety of dimension three. Known cases 
and statements on these conjectures can be found in the literature (cf. [BT] . |F2) . 
jFHWj . [EM], [FW4] ). [EE], [EE], [Ei], [I], [Vo], etc. and the references therein). 

Lemma 10.6. The maps : L p H k (X,Q) — > H k (X, Q) are surjective for all 
smooth projective variety X and k > p + dim X is equivalent to the Friedlander- 
Mazur conjecture holds for all smooth projective variety. 

Proof. On one side, it is clear that if the Fricdlandcr-Mazur conjecture for a smooth 
projective variety X, then T p H k (X,Q) = G p H k (X,Q) for k > p + dimX. Since 
k > p + dimX, G p H k (X,Q) = H k (X,Q) and so T p H k (X,Q) = H k (X,Q), i.e., 
$ P ,fc : L p H k (X,Q) -> H k (X,Q) is surjective. 

One the other side, we need to show that for any smooth projective variety Y, 
T p H k (Y 7 Q) = G p H k (Y,Q) for all k > 2p. By assumption, we only need to show 
T p H k ( Y, Q) = G p H k (Y, Q) for all 2p < k < n + p - 1. This was done in the proof 
of Theorem 1.20 in |Hlj . where we base on a stronger assumption (i.e. the Suslin 
conjecture). However, the injection for is not really used in that proof. □ 

Proposition 10.7. The Friedlander-Mazur conjecture is equivalent to the Grothen- 
dieck standard conjecture of Lefschtez type. More precise, the Friedlander-Mazur 
conjecture holds for all smooth projective varieties if and only if A is algebraic for 
every smooth projective varieties. 

Proof. On one side, we note that the Grothendieck standard conjecture of Lefschtez 
type implies the Friedlander-Mazur conjecture (cf. }F2j). On the other side, the 
Friedlander-Mazur conjecture implies that § Ptk : L p H k (X,Q) H k (X,<Q) is sur- 
jective for all k > p + dimX. The surjectivity of $ Pyk for all k > p + dimX is 
equivalent to the Grothendieck standard conjecture of Lefschtcz type (cf. [Bl]). 

□ 

Proposition 10.8. The generalized Hodge conjecture holds for all smooth projective 
varieties implies the Conjecture 1 1 0. 1{ More precisely, 

"G p H k (X,Q) = F p H k (X,Q), all X" & «T p H k (Y,Q) = F p H k (Y,Q), all Y" . 

Proof. The part " <^ " follows directly from the assumption and Equation (f2~T|) . For 
the part " " , we assume the generalized Hodge conjecture holds for all smooth 
projective varieties, in particular, it holds for X x X in the case that k = 2p, 
which is the classical Hodge conjecture. It is known the Hodge conjecture for 
X x X implies that the Grothendieck standard conjecture for X, which holds for 
all smooth projective varieties implies that Conjecture 110.11 holds for all smooth 
projective varieties. □ 



LAWSON HOMOLOGY FOR ABELIAN VARIETIES 



23 



Remark 10.9. From the above discuss we see that the generalized Hodge conjecture 
and the Suslin conjecture for Lawson homology with integer coefficients dominate 
many key problems in the theory of Lawson homology. So solutions to those prob- 
lems for general smooth projective varieties is the most difficult problems in this 
field. An alternative way to deal with problems in Lawson homology theory would 
be the study on those varieties carrying special structures. 
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